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ABSTRACT 

Coherent states for a general Lie superalgebra are defined following the method 
originally proposed by Perelomov. Algebraic and geometrical properties of the 
systems of states thus obtained are examined, with particular attention to the 
possibility of defining a Kahler structure over the states supermanifold and to the 
connection between this supermanifold and the coadjoint orbits of the dynamical 
supergroup. The theory is then applied to some compact forms of contragradient 
Lie superalgebras. 
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1. INTRODUCTION 



Coherent states (CS) have been first introduced in quantum optics by 
Glauber^ as the states of minimum quantum uncertainty for the harmonic 
osciUator. Glauber's CS preserve their shape during time evolution. After the 
work of Glauber several attempts have been made to generalize the concept of 
CS to systems with a larger dynamical group^'^. The most promising among 
them is certainly the method proposed by Perelomov^. Perelomov defined 
generalized coherent states (GCS) for an arbitrary Lie group by mimicking the 
group-theoretical properties of Glauber's CS. GCS for a general dynamical 
system fulfill three requirements: a) they are states of minimum quantum 
uncertainty, b) their manifold is just the classical phase space of the system; 
c) the quantum evolution of the system can be described by a path on this 
manifold, that is the solution of Euler-Lagrange's equations. 

In the past few years several papers appeared in which the concept of 
coherence is carried over to systems that exhibit a dynamical symmetry with 
an infinite number of degrees of freedom^ and to supersymmetric systems. 
Supercoherent states (SCS) have been defined for series of noncompact or- 
thosymplectic supergroups^'^'^. A definition that already contains in itself 
the general idea is given in Ref. 10 in the context of a condensed matter 
problem, while the problem of studying SCS in their full generality is first 
approached by the authors with a specific attention to the phase space 
properties of the SCS system, and by Nieto and co-workers^^, whose examples 
fulfill the requirement of minimum quantum uncertainty. 

The purpose of the present paper is to define SCS associated to a gen- 
eral Lie superalgebra, namely to a graded algebra of even (bosonic) and odd 
(fermionic) operators that satisfy certain commutation and anticommuta- 
tion rules. Several quantum mechanical systems are described by a second- 
quantized hamiltonian that lives in a dynamical algebra which is in fact a 
Lie superalgebra. The (super-) algebra A is said to be a dynamical (super-) 
algebra for the hamiltonian H if the operators that appear in H close by 
commutation (and/or anticommutation) on a set of generators of A. 

Dynamical superalgebras enter quantum mechanics in different ways. A 
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very interesting instance is the fermionic linearization of many fermion sys- 
tems second quantized hamiltonians^^. A product of two fermionic operators 
A and B describing different modes of the system can be written, under the 
condition {A - {A)){B - {B)) ~ 0, in the form 



that can be expected to be fulfilled in quasiclassical states, as SCS must be. 
Since A and B are supposed to belong to different modes, they must satisfy 
{A, B} — 0, and, for the consistency of eq. (1.1), {A) and {B) (which could for 
example be the expectation values self consistently evaluated in the ground 

state) must be taken as odd elements of a Grassmann algebra A(a-numbers), 
anticommuting among themselves and with the fermionic operators. The 
requirement of anticommutation between fermionic operators and a-numbers 
can be relaxed (and in fact we relax it) by writing eq. (1.1) in the form 



The paper is organized as follows. In Ch. 2 we review the theory of GCS, 
give the basic definitions for SCS mimicking those of GCS and study their al- 
gebraic properties as well as the geometrical structure of their supermanifold. 
In Ch. 3 we examine some properties of the coadjoint orbits of Lie super- 
groups. The main objectives are to determine whether the supermanifold is 
Kahler (and then can be interpreted as a classical phase space) or not and 
to establish the connection between SCS supermanifolds and coadjoint orbits 
of the dynamical supergroup. We believe that the coadjoint orbits approach 
should be a powerful tool to study all the SCS systems associated to a certain 
dynamical super algebra, especially when the latter is nilpotent. 

In Ch. 4 some examples are studied, in which the dynamical superalge- 
bra is a compact form of a contragradient Lie superalgebra, and, finally, in 
Ch. 5 we summarize our results and propose a conjecture concerning the 
realizability of SCS systems whose manifolds are endowed with Kahlerian 
structure. 



AB ~ {A)B + A{B) - {A){B) 



(1.1) 



AB ~ {A)B - {B)A - {A){B), 



{A),{B)eA. 
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2. GENERALIZED COHERENT STATES 
FOR DYNAMICAL SUPERALGEBRAS 

2.1 Definitions. General properties 

First of all, we shall briefly review the fundamental definitions and prop- 
erties of the theory of generalized coherent states (GCS) for ordinary (dy- 
namical) Lie algebras 

Let Q be the dynamical algebra of our model, G an element of the class 
of the corresponding Lie groups and T a unitary irreducible representation 
(UIR) of G in a Hilbert space V. 

We assume that in the representation space V there exists a fixed cyclic 
vector, that we shall denote by \ipo)., and call H the set of elements h E G 
such that 

T{h)\i;Q)^e'"^''^\i;o), a : H ^ M. 

It is easy to verify that H is a subgroup of G, which will be called isotropy 
subgroup of iV'o) and that e*'* must be a unitary character of H. 

Let A4 = G/H be the left coset of G with respect to H. We see that 
there is no arbitrariness in the choice of a particular group G among all those 
associated with the algebra ^, because the manifold Ai depends only on Q. 

Now we can define the coherent states of Q by means of a mapping from 
Ai to V, which associates to each x G A4 defined by the decomposition 
g = X ■ h, with g E G and h E H, the state (up to a phase factor) 

\x) = r(x)iV'o)- 

Thus the coherent states are represented by the points of a manifold Ai that 
will be called the coherent states manifold, on which G acts transitively by 
means of the left translation o : G x M. — > M. defined by 

gox^T:{g-Ti~^{x)) , \/geG,xEM, (2.1) 

TT being the natural projection of G on A4, G being seen as a bundle over Ai. 
The transitivity of TMIwith respect to G refiects the first important algebraic 
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property of the system of states just defined: the action of the dynamical 
group G maps coherent states into other coherent states. 

Another algebraic property is the resolution of identity, of fundamen- 
tal importance in the coherent states representation of the Feynman path 
integral^^. Let dn{x), Vx e be a G- invariant measure on the coherent 
states manifold (which can be deduced either from an invariant metric or, 
in the simplest cases, from the invariant Haar measure on the group itself). 
When the integral converges, the operator 

B = J dn{x)\x){x\ (2.2) 

commutes with all the operators of the representation T (namely it is invari- 
ant with respect to T): 

T{g)BT{g)-' = B, Wg e G, (2.3) 
and, by Schur's lemma, is a multiple of the identity, B = kl, hence 

di^{x)\x){x\ = I. (2.4) 
Notice that k can be obtained from the relation 

k = {y\B\y) = j dii{x)\{y\x)\\ (2.5) 

where \y) e F is normalized. 

A consequence of this property is the completeness of the system of co- 
herent states: an arbitrary state ji/^) e V can, in fact, be expanded in terms 
of coherent states 

\^) = \j dii{x)^{x)\x), iPix) = {x\i;). (2.6) 

The function ip{x) is a solution of the integral equation 

iPix) = ^J df,{y){x\y)iP{y), (2.7) 
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where the kernel K{x^y) — -r{x\y) is self-reproducing: 

K{x, z)^ j dii{y)K{x, y)K{y, z). (2.8) 

Indeed, the system of coherent states is overcomplete. One of the features 
whereby this property can be derived is its cardinality, that is continuum. 

Now, we consider instead of an ordinary Lie algebra a Lie superalgebra, 
that we shall still denote with Q. A Lie superalgebra is a Zi2— graded space 

i.e. a vector space which is the direct sum of two vector subspaces Qq and 
Q\ , endowed with an algebraic structure denoted by [, ] , obeying the axioms 

[a,6] =- (-l)^*'S(a)deg(6)[^^ O] 
[a, % C]] =[[a, 6], C] + (-l)deg(a)deg(.)[^^ 

where deg is a linear mapping deg : Q — > TL^ called parity obeying the 

property 

deg : a i — ^ a, Va G Qa-, ol e TL^. 
We shall use in the following the definition 

The group associated to a Lie superalgebra by exponential mapping is a 
Lie supergroup^^'-*^^, somewhat similar to a Lie group with parameters that 
take values in the even or odd (depending on the parity of the corresponding 
generator in the Lie superalgebra) subspace of a Grassmann algebra A. 

Once more, we consider a UIR of the supergroup G in a 2i2-graded Hilbert 
space y, fix a cyclic vector iV'o) and proceed as before. The left coset space 
M. = GjB. will be a supermanifold^^ (that is, a manifold with even and odd 
coordinates), and coherent states (now SCS) may be defined in the usual 
way. However, two points are worthy of enlightenment about the properties 
previously demonstrated for GCS. The integration in (2.2)-(2.8) must be 
intended as an ordinary integration for what concerns even variables, and as 
a Berezin integration^^ for what concerns odd variables. We recall that if r\ is 
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a variable taking values in the odd subspace of a Grassmann algebra, Berezin 
integral is defined by 



J dr] = J T] dr] = 1. 



This is a formal definition that can be interpreted as a definite integral over 
the whole domain of rj but does not involve any concept of measure theory, 
thus we do not have notions of indefinite integral, or of integrals over subdo- 
mains. We will come back later to this problem, when talking about Berry's 
phase. 

In the same way, the invariant measure dii{x) must be intended as invari- 
ant with respect to the integration just defined, and it will not therefore be 
a measure function, at least for its odd part. Given the G-invariant metrics 
g that we will construct in all our examples, the invariant measure can be 
obtained from the relation 

dii(x) = \sdet[g{x)]\^/^, (2.9) 

where sdet denotes the superdeterminant. As for the resolution of iden- 
tity, eq. (2.3) is still valid, but it is not sufficient to ensure the validity of 
(2.4), because Schur's lemma generalizes to the graded case with two alter- 
natives. B can be, in fact, either a multiple of the identity or an operator 
that permutes the homogeneous subspaces of V, when they have the same 
dimension. In present case, however, B is even, and the second possibility 
has to be excluded. 

2.2 The case of contragradient Lie superalgebras 

In this section contragradient Lie superalgebras are to be intended in the 
sense of Ref. 20. They are Lie superalgebras for which a Cartan-Weyl basis 



(o) We recall that given (p + q) x {p + q) supermatrix M = ^ ^ ^ ^ , with 
A and D respectively p x p and g x g matrices with even entries, and B and 
C px q and qxp matrices with odd entries, one defines the superdeterminant 
sdetM = det{A - BD-^C)detD-^ and the supertrace strM = trA - trD. 
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can be defined. They are particularly interesting in present context, and we 
restrict in this section our attention to them, because of the features of their 
irreducible representations theory, that are very similar to those of semisimple 
Lie algebras. 

Actually, our examples will deal with compact forms of: 

a) contragradient Lie superalgebras modulo their centers, 

b) Cartan extensions of contragradient Lie superalgebras. 

The most important result established by Kac in this sense is that the 
irreducible representations of these superalgebras admit a highest weight vec- 
tor in the representation space. In order to clarify why this is important for 
our purposes we must go back to the theory of GCS for ordinary Lie algebras. 
GCS are actually " coherent" , that is, they are states of minimum quantum 
uncertainty: in fact, it was shown in Ref. 21 that GCS for compact semisim- 
ple Lie algebras minimize the variance of the quadratic Casimir operator, 
which is the simplest invariant estimate of quantum uncertainty, when they 
are constructed choosing as base the highest weight vector lipo) of the rep- 
resentation T. In the book by Perelomov^^ this result is extended to other 
algebras (Weyl-Heisenberg, stt(l, 1)) by requiring that iV'o) is choosen in such 
a way that its isotropy subalgebra is maximal. The isotropy subalgebra B of 
a vector {ipo) is the set of elements t of the complex extension Q'^ = Q ®iQ 
which satisfy 

and is said to be maximal when B ® B = G^, where B is the algebra of 
the hermitian conjugates of the elements belonging to B. If Q is semisimple 
and iV'o) is the highest weight vector in representation space, then B is the 
subalgebra of Q'^ generated by the Cartan and the raising operators 

B = n® Yl (2.10) 

aeA+ 

for which, of course, B® B = G^. 

The relation (2.10) still holds for contragradient Lie superalgebras (now 
raising operators can be either bosonic or fermionic; slight modifications are 
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to be made to include the case of degenerate representations, see Sec. 2.4) 
thus we propose to define SCS for contragradient Lie superalgebras using the 
highest weight vector as base vector \i1^q). 

Besides, we must observe that this no fonger imphes "coherence", in the 
sense of Delbourgo because his proof rehes on definite positivity of the 
quadratic Casimir operator, which no longer holds in general in the case of 
Lie superalgebras. 

For a real semisimple Lie algebra the algebra of the isotropy subgroup H 
(that is not the isotropy subalgebra B) is just the Cartan subalgebra Ti if 
the representation is non-degenerate, but can be larger if the representation 
is degenerate. The same happens for dynamical superalgebras. There are 
non-degenerate representations in which the highest weight vector is annihi- 
lated only by the raising operators: in this case the algebra of H is again 
the Cartan subalgebra, and then H is an ordinary Lie group, the Cartan 
subgroup. This allows us to decompose the SCS supermanifold into the (in 
general semidirect) product G/H = G/Gq^sGq/H, where Gq is the ordinary 
Lie group associated to the even subalgebra Qo- Notice that the factor G/Gq 
is purely fermionic (it has only odd coordinates), while the factor Gq/H is 
purely bosonic (it is just the GCS manifold of the Lie group Gq). A con- 
sequence of this property is that the invariant measure (2.9) can be written 
as a product of two functions, one depending only on the odd coordinates, 
and the other on the even ones. There are also degenerate representations 
(see the example of stt(2|l)) in which the highest weight vector is annihilated 
also by some (bosonic and/or fermionic) lowering operators: then these op- 
erators, and their conjugates, belong to the algebra of H and thus appear as 
generators of i/, which may then become a true Lie supergroup. 

2.3 Stability 

The concept of stability of coherent states is intimately related to that of 
dynamical (super-) algebra associated to an hamiltonian. By virtue of the 
definition of dynamical (super-) algebra given in the Introduction, the time- 
evolution operator, that can be obtained for example by Magnus' formula^"^, is 
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an element of the exponential group G = exp Q associated with the dynamical 
algebra (the dynamical group), that is, U{t,to) = exp 7, for some ^ & Q and, 
by definition of coherent states, it will be (from now on, we shall write group 
and algebra elements instead of their representatives) 

U{t,to)\zo) = exp 7 • expZolV'o) = expZlV'o) = e^^l-^), 

with l^o) and \z) coherent states and Zq, Z E Q. 

As a consequence, a system that has been prepared in a coherent state 
\zo) at the time to will be found in any other time in a coherent state 1^) still. 

Actually, if Q is not semisimple, the " coherence- preserving" hamiltonians 
may live in a larger algebra S in the universal enveloping algebra of Q, that 
contains Q as an ideaP^ . If we are dealing with ordinary Lie algebras (but we 
assume this result to be valid also for Lie superalgebras) S is the algebra of 
the automorphism group of Q, and when Q is solvable S is the algebra with 
Levi decomposition S = A® with Q maximal solvable ideal of S. 

2.4 Coherent states supermanifold 

Ordinary GCS are parametrized by the points of a complex manifold A4 
(e.g. the complex plane for Glauber coherent states, the 2-dimensional sphere 
for SU(2)-coherent states). It is very interesting to ask whether this manifold 
is a G-homogeneous Kahler manifold^^ or not (the answer for both Glauber 
and SU(2) coherent states is positive). This problem has been completely 
solved for compact semisimple Lie algebras in Ref. 26. 

If it is, there exists on A4 a G-invariant metric g and a metric-preserving 
complex structure J, namely there exists JJ : TmM. TmAi, where Tm is 
the space tangent to Ai in the point m, such that 

= -I, g{Jix, Jfy) = g{x, y) Vm e M, Vx, y e T^M. (2.11) 

The metric and the complex structure can be used to define a two-form uj by 

^{x,y) =g{Jfx,y). 

The manifold Ai is said to be Kahler if such two-form is closed {dw = 0). 
Then M is also symplectic and can be viewed as a classical phase space 
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for our dynamical system. This is easy exemplified in the case of Glauber 
coherent states by the identification 

q + ip J. q — ip 

Let us see how coherent states allow us to map a quantum-mechanical prob- 
lem into a classical dynamical one on more general grounds. First of all we 

recall the notion of Kahler potential. Let us introduce in M. an atlas of local 

d d 

coordinate system \z\ z'^\ such that -— are eigenvectors of J: 
■y I ' J dz' dz^ ^ 

J ^ ■ ^ J ^ ■ ^ {2 12) 

dz^ dz'^ ' dz^ dz^ ' 

Then we define the components of the metric 

d d 
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dzi ' dz^ 



while 



dz^' dzi J ^\dz^' dz^ ' 



because of (2.11) and (2.12). When the two-form uj is closed (i.e. when the 
manifold is Kahler) there exists a function K{z'^^z^) from which the metric 
can be obtained by derivation 
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The function K is just the Kahler potential. 

The Kahler potential plays a crucial role in the dynamics on the coherent 
states manifold. We have already showed that coherent states are defined 
in such a way that the time-evolution operator maps a coherent state into 
another one: it follows that (up to a phase factor) all the dynamical problem 
is reduced to the determination of a path in the coherent states manifold, 
and the system is described by a state 
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at any time t. 

The phase factor e*"^*) is indeed very important; the phase a{t) is but the 
effective action that appears in a functional integral approach^^ and its form 
is as foUows^^ 

rt _ rz{t) Qj^ 

a{t) = — I h{z{T),z{T))dT -\-\m I ——dz, 
Jo Jo oz 

where h{z,z) = {z\T-C\z), Ti. denoting the hamiltonian operator, and K = 
K{z,z) is the Kahler potential of M.. The second term is a geometrical one 
and can be viewed as a Berry's phase^^. It has been conjectured ^° that in the 
context of the models for High-Tc superconductivity, this term could represent 
the element bridging Hubbard-like hamiltonians"^^ with Chern-Simons field 
theories"^^, and therefore possibly with anyons. 

We have now an additional problem with respect to the customary Lie 
algebra case. In fact the second integral is not at all well-defined. This is why 
it is conjectured that Berezin integration is a too formal one for our purposes 
and the field of a- numbers might be different from pure Grassmann^^. 

Let us now return to the problem of dynamical superalgebras and study 
the SCS supermanifold that arises in this case. 

If we restrict our attention to contragradient Lie superalgebras we can 
still say that the SCS supermanifold is complex, because SCS are of the form 

\x) = exp I (^"^« - ^"*^-«) + E - C"*^-a) \ IV'o), 

l^a6A+ aeA+mod/ii ) 

(2.13) 

where A+ is the set of positive roots of grade a, a e 2i2; /ii is the set 
of positive fermionic roots that enter the isotropy subalgebra of |V'o) when 
the representation is degenerate (see Sec. 2.2); E^a — E^,, with Ea ladder 
operator corresponding to the root a; z"' G Aq and C° G Ai (Aq and Ai 
denote respectively even and odd subspaces of a Grassmann algebra A over 
the complex field), and * is the ordinary conjugation in A that satisfies: 

deg(A*) = deg(A), (A*)* = A, (A/i)* = i^*X*. 
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In the following, we shall denote by JRc (IRa) the set of elements A e Aq (Ai) 
for which A* = A. There will be a sign and notation change (see Sec. 4.3) 
when the representation is a grade star^^ one. 

The relevant question is again whether M. is a Kahler supermanifold or 
not. 

In Ch. 4 we shall examine four examples, and derive grounds for a con- 
jecture, presented in the Conclusions that applies to a general theory. In the 
examples we shall explicitly realize the following general scheme Let Q 
denote the dynamical supcralgebra, Ti the algebra of the isotropy subgroup 
of \iPq) and M. the complementary subspace ofTC inQ (this is not an algebra) 



Introducing in ^ a basis of homogeneous generators {X^} such that Ai is 
generated by a subset {Xf^}, the coset representatives will be written as 



where the coordinates x'^ of x will be c-numbers or a-numbers (that is, even 
or odd elements of the Grassmann algebra) depending on the parity of X^. 

In order to construct a (7-invariant metric on Ad we determine the action 
of the group G on the manifold Ai by means of the equation 



is a group element close to the identity, x (given by the (2.13)) and 



g = n®M. 




6g ■ X = x' ■ 5h, 



(2.14) 



where 
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are coset representatives, and 

5h = exp i ^ dh'^X^ \ 

is an element of the isotropy subgroup close to the identity. 

Notice that equation (2.14) is but the infinitesimal version of (2.1). It is 
the matrix form of a linear system in the {dx^^^X^ e Al}'s whose solutions 
have the form 

or, in vector notation, 

dx = g°'aadt. 

A G-invariant metric must have the a^s as Killing vector fields (generators 
of isometrics) : 

e^^g = vx^eg 

{g denotes the metric and I Lie derivation) and these equations can be solved 
if the superalgebra Q admits a nondegenerate, invariant and supersymmetric 
bilinear form 7. The properties of invariance and super symmetry are fulfilled 
by the Cartan-Killing form '~^ck{X,Y) = str(adXady), with {adX){Y) = 
[X, Y] where the symbol [, ] is the graded commutator, that can be identified 
with 7 when it is nondegenerate. In other cases one must construct alternative 
forms. 

The metric g must then be taken equal to 7 at some fixed point (e.g. 
= 0,VX^ e Ai) and "moved" to any other point by means of the a^s. 
The inverse of the metric so obtained is given by 

g'^^ix) = {-r^''+'^<{x)a^p{x)r^ (2.15) 

where (-)«(m+i) is a shorthand for (_i)deg(x„)[deg(x^)+i]_ 

So far we have obtained a G-invariant metric on the complex supermani- 
fold M., but we still cannot say whether the supermanifold is Kahler or not. 
The answer to this question requires the determination of the complex struc- 
tures J and their eigenvector basis in TmM. This (difficult) passage gives 
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rise to very cumbersome forms, and so (with the exception of the example of 
tt(l|l), in which the metric given by (2.15) is aheady Kahler) we shall not 
give it in explicit detail in the examples with a larger dynamical superalgebra 
(s'u(2|l) and uosp{l\2)). 

3. COADJOINT ORBITS APPROACH 
TO COHERENT STATES PROBLEM. 

3.1 A review of the ordinary formulation. 

In this section we shall describe the main tool of the coadjoint orbits 
theory, following the original formulation of Kirillov^^'^^ and demonstrate the 
connection with coherent states problem for nilpotent Lie groups, according 
to the approach proposed by Moscovici^*. 

Let Q be the ordinary finite dimensional Lie algebra. Since ^ is a vec- 
tor space, we can construct on Q the space Q* of exterior 1-forms, which is 
isomorphic to Q. 

Let G be the corresponding Lie group. We call the coadjoint representa- 
tion of G, the representation of the group that we can construct on Q*, by 
means of the relation 

a eg, K{g)a^gag-^ MgeG. (3.1) 

We can now introduce the concept of coadjoint orbit of G (K-orbit). For a 
fixed element x in K-orbit of x is the set 

0^^{yeg^\y^ gxg-^}. (3.2) 

Let us suppose that there exists a subset if of G, such that 

hxh-^ = x yheH. (3.3) 

One can easily prove that this set is a subgroup of G, that we call stability 
subgroup of the point x. So the orbit O^of the point x is isomorphic to the 
coset space M — G/H. 
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The properties of this construction, that are relevant for our investiga- 
tions, are hsted below. 

a) All the K-orbits of i.e. the orbits of all elements of Q* , are homoge- 
neous G-spaces. Namely, the action of the group G by means of K{g) maps 
a point of a fixed orbit Ox into another point of the same orbit. 

b) Two different K-orbits are disjoint, i.e. we cannot connect a point of 
an orbit with another point of another distinct orbit by means of a coadjoint 
representation. 

c) All the K-orbits are symplectic manifold of even dimcnsion"^^. One 
can, in fact, define on every orbit an exterior differential 2-form Uf which is 
closed, skewsymmetric, nondegenerate. To this purpose, let us consider the 
mapping 

dx < — >■ X (3.4) 

that induces a correspondence between the tangent space to and some 
subspace of Q*. Then for every point / on Ox we can define a differential 
2-form through the relation 

ujf{x,y) = f{[x,y]), yx,yeg yfeQ*. (3.5) 

This form is obviously skewsymmetric, closed because of Jacobi identity, non- 
degenerate on the factor space Q/H, where His the Lie algebra of the stabilizer 
of /, isomorphic to the tangent space to Ox at point /. 

Starting from the 2-form (3.5) we can then easily construct a Poisson 
bracket on Ox through the relation 

Wi,^2} = {u;fy''di(pidk(p2- (3.6) 

For a vast class of Lie algebras, all the coadjoint orbits are Kahler manifold. 
We can, in that case, introduce on Ox a complex structure J 

Jf:Ox^Ox , JJ^ = -I (3.7) 

and construct a metric g from ujf 

g{x,J\y) =ujf{x,y), g{Jfx,J\y) ^ g{x,y). (3.8) 
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By means of the relations (3.5) and (3.8) we can define on the orbit a hermi- 
tian scalar product (a;,j/)^^, 

ix,y) = g{x,y) + iu;f(x,y). (3.9) 

(3.9) allows us to obtain the dual x* of an orbit point x with respect to 
the scalar product (,) and to give a resolution of the identity (when this is 
possible) through the relation (2.2). Furthermore, in correspondence with 
every orbit we can construct an irreducible unitary representation of the dy- 
namical group. In fact if we consider the maximal admissible subalgebra 
subordinate to any point of the orbit we can obviously construct a 1- 
dimensional representation of the corresponding subgroup of G. By means of 
Mackey induction^^'^-*^, from this representation we can recover a represen- 
tation of G. It has been shown by Kirillov^^'^^, Kostant and Auslander^^'^^, 
that for a vast class of Lie groups this is the way to obtain all irreducible 
unitary representations. In particular, for the class of the nilpotent Lie alge- 
bras, one can show, in a fairly straightforward way, that all coadjoint orbits 
that are linear manifolds, are coherent states manifolds for the dynamical 
Lie algebra as well"^^. It is expected that it should be possible to classify all 
coherent states manifolds for a wider class of dynamical algebras by means 
of the coadjoint orbits method. 

3.2 A possible extension to the superalgebraic case. 

We look now for a way of generalizing the orbits method to the super case, 
trying to obtain an algorithmic procedure which gives us all possible super- 
symplectic (Kahler) mechanics and all possible UIR related to our dynamical 
superalgebra. 

The first step is to introduce a correct generalization of the concept of 
space of exterior 1-forms on the algebra. 

(a) We recall that a subalgebra C Q is subordinate to the 1-form / if 
the form Uf vanishes identically on J\f. A subordinate subalgebra is called 
admissible if codimA/" = ^dimOf and jV"^ + / C Of, where jV"^ is the set of 
elements of Q*, whose extensions over Qc vanish identically on J\f. 
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Let ^ = ^0 ® ^1 be a finite dimensional Lie superalgebra (typically, the 
dynamical algebra for some physical model) with Qq (Qi) even (odd) part. 
Let us consider in ^ a standard homogeneous base {qi,rj) with Qi (vj) even 
(odd) generators. We can then define the space Q* of 1-forms on which is 
isomorphic to Q. Q* is a 2i2-graded space, with the standard homogeneous 
base {ei,fj) defined through the relations 

ei{qi)=5iu ei(rfc) = 

(3.10) 

fj{n)=0, fj{rk) = Sjk 

Let A = Aq © Ai be a finite or infinite dimensional Grassmann algebra, Aq 
(Ai) being the even (odd) sector of A. We introduce the left Aq— module on 
as the set of objects of the form 

aiQi + ajrj, ai e Aq, aj e Ai. (3-11) 

We call space of exterior even 1-forms on Q, denoted Q\, the set of elements 

biCi + /3jfj, 6i e Ao, /3j e Ai. (3.12) 

We can identify Q\ as the super analogue of the dual of the superspace Q\, 
defining in Q\ a standard homogeneous base (i?i, Fj) by means of 

EiittiQi + ajTj) =aiei{qi) + ajei{rj) = ai 

(3.13) 

FkiaiQi + ajTj) =aifk{qi) + Oijfk{rj) = ak 
and a generic Q\ element by 

hEi+PjFj. (3.15) 

There are good reasons to believe that Qa and GX are isomorphic (see con- 
jecture in section 3.3 for an intuitive proof). Then we can construct on the 
space Q\ Qa ^ representation Kf^{g) of supergroup G corresponding to 
superalgebra ^, obtained by exponentiating ^a, by means of 

KQ{g)x = gxg~^, (3.16) 
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and introduce the concept of i^o(^)-orbit 

= {y eg*\y = gxg-'}, (3.17) 

in a way strictly analogous to the ordinary case. 

Obviously, orbits constructed in this way are homogeneous G— spaces, 
transitive with respect to the representation Ko{g) and pairwise disjoint. 
Implementing a symplectic construction in the super case is a non trivial 
task. We can, of course, define different generalization of the 2-form ujf. The 
method we adopt is to consider in every point / of Ox the 2-form 

Wf = f{[x,y]), ^x,yegX. (3.18) 

The form Wf is super skewsymmetric. Since Q\ is a (formal) ordinary Lie 
algebra, the closure of the form zcf is guaranteed. In all examples zuf turns 
out to be nondegenerate as well. Then tu/ is super symplectic. From Wf we 
can recover superpoisson brackets by means of 

{ipi,ip2} = (pidi {wfY^ 'dW2 (3.19) 

and, when the supermanifold is Kahler, a metric g in the customary way. 

We are finally able to identify, among all Ko(^)-orbits of a generic con- 
tragradient Lie superalgebra, the class of orbits which are isomorphic to the 
coherent states supermanifolds corresponding to the non degenerate represen- 
tations of the same Lie superalgebra. This class of orbits is simply obtained 
acting by the Ko(fif)-representation on elements of the Cartan subalgebra of 
the Lie superalgebra considered. Such orbits, isomorphic to coherent states 
supermanifolds are of the form 

Oh = {y^QK\y = 9hg'^] hen. (3.20) 

This shows how, for non degenerate representations of contragradient Lie 
superalgebras, results obtained by means of generalized Rasetti-Perelomov 
method and coadjoint orbits method are in agreement. 
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3.3 Matrix formulation. 

A (faithful) linear representation of a finite dimensional Lie superalgebra 
Q is an isomorphism, which maps Q into a finite dimensional matrix Lie 
superalgebra. Then every element a G ^ is a matrix. Let the matrix Lie 
superalgebra have dimension (m, n) over the field IK. Every element a is a 
block matrix with elements in IK, of the form 




(3.21) 



with dim^ii = m x m, dim^i2 = mxn, dim A21 = nxm, dim^22 = nxn. 
We call Mat(m|n) the set of matrices of this kind. 

A generic element a of the Aq— module on denoted Qa, has the same 
form, but matrices An and A22 have elements in Aq, while An and A22 have 
elements in Ai. We denote this set of matrices by Mat(m|n)^. 

We can construct a matrix representation of the space of even 1-forms on 
Q, by means of the mapping (, ) defined through the relation 

(,) : Mat(m|n)^ xQ — ^ Aq 

(3.22) 

(M/,a) = str(M/ • a) 

The matrix Mf corresponds to the even 1-form /, /(a) = {Mf,a). We 
conjecture that, at least for m ^ such correspondence is one-to-one in 
general. 

Coniecture: 

For all finite dimensional matrix Lie superalgebras, there exists a one to 
one correspondence between matrices of even 1-forms and elements of the 
superalgebra. This correspondence is defined by the mapping (,). 

A plausibility argument for this conjecture is the following. A finite di- 
mensional matrix Lie superalgebra is constructed by means of some commu- 
tation invariant relations on the matrix. We can impose the same relations 
on the set of matrices corresponding to all even 1-forms, which we construct 
through the mapping (, ). Thus we can attribute this set, which is in one to 
one correspondence with even 1-forms space, the same superalgebra struc- 
ture. Also for every superalgebra element there exists an even 1-form. 
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Now, we can construct Ko{g)-OThits for each superalgebra in this set, 
acting with KQ{g) on the (faithful) matrix representation of the Lie super- 
algebra with the corresponding (faithful) matrix representation of the Lie 
supergroup, which we obtain from superalgebra by means of the exponential 
mapping. Classifying Ko(5r)-orbits is thus the same as classifying classes of 
conjugate elements of the Lie superalgebra. 

In order to classify i^o(fi')-orbits, we classify first all subsuperalgebras 
of the superalgebra, and then we consider only those whose corresponding 
subsupergroup stabilizes a point of the space of the even 1-forms, i.e. of the 
superalgebra. 

We finally construct the generalized Kirillov-Kostant 2-form in the same 
manner as in (3.18), where superalgebra elements are now matrices. 

In the following section we describe a simple application as exemplification 
of the method just exposed. 

3.4 Weyl-Heisenberg superalgebra. 

Let us consider the five dimensional Lie superalgebra W, with the set of 
generators 

{I, a, at, 6, 6t} 

and basic commutation relations 

[a, at] ={6,6t} = I 
[a,l] = [b,l] =[a,b] = [at, 6] = 0. 

We can introduce a new set of generators 

1 i 
ei = ^p(at + a) , 62 = ^p(at — a) , 63 = zl , 64 = 6 , = ib^ . 
V 2 v 2 

In this basis, a faithful five-dimensional matrix representation for a generic 
element in Wa is 







X3 




a2\ 













































Vo 










) 



Xi e iRc, cKj e Ha- 
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The matrix Mf of generic exterior even 1-form / on W takes the form 



Mf = 



f 

yi 

ys y2 

Si 

\S2 



o\ 







o/ 



Ui e He, 5j e Ma- 



Exponentiating the generic element w of Wa, we can obtain a generic element 
g of the corresponding supergroup W. By utilizing Berezin's decomposition 
9 = de ° doj recover (go) by exponentiating the even (odd) part of w. 

/I xi xs + ^xiXs 0\ 



9 = 9e°9o 



whose inverse is 








\o 



1 








X2 

1 









1 

1/ 



/I 








ai 


q;2\ 





1 

















1 
















1 





Vo 










1 J 



/I 


-Xi 


-Xs + \xiX2 


—OL\ 


-a2\ 





1 


-X2 














1 














—a2 


1 





Vo 





—ai 





1 J 



The JCo(^)-orbit in generic position has thus matrix form 



= P{9o ^9e ^f9e9o} = 



/ 

y3 

Si + 022/3 
\d2 + aius 



0\ 


2/2 - iCi2/3 








where P is the projection from Mat (3 1 2)^ onto Wa* 
maps coordinates of the point / into points 




000/ 



-f^o (5')-representation 



yi 
2/2 
2/3 

S2 



2/1 + X2y3 
y2 - xiyz 

ys 

5i + Q!22/3 

62 + aiys. 
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There are obviously only two classes of orbits, in analogy with the ordinary 
Weyl-Heisenberg algebra case: 

a) Orbits of the points /o = {2/1,2/2,0 | 81,82} that are points in W* 
labelled by their coordinate set. The corresponding supermanifold is triv- 
ial. The representations T^i'^2,<5i,52 constructed from orbits belonging to this 
class are 1-dimensional UIR. In fact, the maximal admissible subsuper algebra 
subordinate to the 1-form /o is the whole superalgebra W. We obtain 

j^yi,y2,Si,S2 _ ^i(yiXi+y2X2+Siai+S2a2) 

b) Orbits of the points /i, which have ys ^ are four dimensional super- 
planes labelled by the value of this coordinate. On this class of orbits, the 
matrix of the generalized supersymplectic 2- form zjf in the {xi, X2, ai, 
basis is 

/ 1 0\ 
-10 
'^f = y'- 1- 

V 10/ 

Wf is closed and nondegenerate. We can define on the orbit a complex 
structure J of type (3.7) by means of the relations 

J : a;i I— > —X2, Jf : X2 ^ xi 
J : CKi I— > —a2, J : Q!2 I— > ai. 

From the latter we can construct on the orbit a metric tensor as in (3.8), by 
writing first the Kahler potential 

K = yz{xiX2 + Q!iQ!2) 

whereby the metric is recovered by the relation 

dK 

9ij 



dzidzj ' 



with Zi, Zj in {xi, X2, q;i, a2}. The superpoisson brackets, constructed resort- 
ing to (3.19), are 
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The UIR's of supergroup W corresponding to this class of orbits, can be 
induced from the 1-dimensional representations 

C/f3(a;3) = e*^3X3 

of the 1-dimensional subsupergroup of W, generated by the center of Lie 
superalgebra W, which is the maximal admissible subalgebra subordinate to 
the 1-form /i. 

These results are in concordance with those obtained in the ordinary way 
by Nieto^^. 

4. EXAMPLES 
4.1 The simplest case: w(l|l) 

Z(l|l) is the superalgebra of (1 + 1) x (1 + 1) matrices, with 

^=(o i)' ^=(o o) 

as even generators, 

as odd generators, and commutation-anticommutation relations 

[H,E±] = ±E± {E+,E_} = C; 

all other commutators- anticommutators being equal to zero. 

Z(l|l) can be viewed as the contragradient Lie superalgebra of rank 1 
and null Cartan matrix, extended by the Cartan element H, and can be 
realized in terms of fermionic creation-annihilation operators, by means of 
the correspondence 

C I, iy 1-^ a't'a, E+i-^a'^, E_^-^a. 
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Coherent states supermanifold 

The defining representation is equivalent to that in one-fermion Fock 
space, and has as its highest weight vector 

m = (l 

tt(l|l) is the compact form of defined by 

u{l\l) = {M = z0oC + i(f)H + r]E+ - v*E-\4)o, G IRc, G Ai} , 

where IRc = {A G Ao|A* = A}. The exponential group of matrices associated 
with w(l|l), denoted by U{1\1), is the group of matrices 

= ( ! ) ; a,dGAo, /3,7GAi 



7 d 

such that g~^g — gg~^ = I, where the adjoint is defined by 
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+ _ / « r 

P* d* 



Group elements can be written in the form g = ^ ■ u, with ^ = exp{'r]E+ — 
ri*E-) and u = exp{i(f)oC + i(f)H). The isotropy subgroup is just (8)t/(l), 
generated by the m's, and the SCS supermanifold is the coset space Ai 

r 1 1 . , , , . . . 

— -— , parametrized by the coset representatives x = xir],r] ) = ^. 

(7(1) (g) (7(1) 

We are thus able to apply the method described at the end of previous 
chapter: acting on the point x G A4 by the infinitesimal group element 

Sg = exp[dt{ig^C + ig^H + QE^ - 

we obtain the variation of the coordinates on the supermanifold: 

— =ig7] + C, — = -tg r] +C . 

The Cartan-Killing form on /(1|1) is degenerate, so we define the nondegen- 
erate form by 

7d(x,y) -str(xy) vx,yG/(i|i). 
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Finally, (2.15) gives g'^'^ = —g^*'^ = 1, from which we obtain the metric 

-1 _ /^o -1 

9n*r) — ~9m* ~ ^ ~ \ 1 

This admits the natural complex structure defined by 

^, d\ d ^ f d \ d 



^dr] J drj^ \dr]* J drj* 

that one can use to define the 2- form oj = —2idr]Adr]*, which is closed. Then 
g is Kahler, with Kahler potential K{t], t]*) = rjrf , and induces the invariant 
measure dii{x) = 1, as we could expect from the invariant measure diJ,{g) = 1 
on the group manifold. 

Coadioint orbits approach 

Let us consider the superalgebra ti(l|l). A generic element of the left 
Aq— module over tt(l|l), that we denote w(1|1)a, takes the matrix form 



ia S 
-S* id 



a,delRc, 5 e Ai. 



Even though m = n, we can resort here to the conjecture exposed in section 
3.3 giving to the space u(l|l)^ of exterior even 1-forms on u(1|1)a the form 

The orbit Of of /, obtained from (3.17) takes then the matrix form 

/ i{l — dS*)x — ad* ex.p{—iu)— id{x — y) + aexp{—iu) \ 
— Q:*5exp(m) + idd*y 



+iS*{x — y) — a* exp(m) i{l -\- 55*)y - a5* exp(-m) 
\ —a*5eyiY){iu)-i55*x / 



where u = a — d. 

We can classify tt(l|l)A's Ko(^)-oi'bits, by means of the method of sub- 
superalgebras exposed in section 3.4. As we conjectured above (section 3.3), 
since tt(l|l) is contragradient, orbits of elements of the kind 

/i=('o M xj^yAxj^OAy^O 
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are isomorphic to coherent states supermanifolds corresponding to nonde- 
generate representations of tt(l|l)A- The subgroup that stabihzes points be- 
longing to this class is the (ordinary) subgroup U{1) <SiU{l). The orbits are 
supermanifolds of dimension (0,2). The generalized Kirillov-Kostant 2- form 
Wf, which is nondegenerate, has matrix form 

Wf = i{x — y) 

We can introduce a complex structure of kind (3.7) by means of the relations 

J:i?e(5)i — >-/m(5), J : /m(5) i — > Re{5) 
and recover a metric tensor of the form (3.8), which admits a Kahler potential 

K = {x — y)SS*. 

The superpoisson brackets, defined by (3.19), can be finally written as 

Wi,'P2} = ipid6dd*'P2 + (fiids* 86^2 

There are four other classes of orbits, which, however, are not relevant for 
our scope. 

4.2 Another "ordinary unitary" example: sw(2|l) 

sZ(2|l)^^ is the superalgebra of (2 + 1) x (2 + 1) supermatrices with zero 

supertrace. It has even sector generated by {Q, J^, J^, J^} and odd sector 

generated by {W+,W_,V+,V_}. 

These generators satisfy the following commutation rules: 

[J3,J±] = ±J± [J+,J_]=2J3 

[Q,J3] = [Q,J±] = o 

[J±,V±] = [J±,W±]^0 

{V±,V±} = {V±,V:^} = 

{W±,W±} = {W±,W^} = Q 

{V±, W±} = ±J± {V±, W^} = - Ja ± Q, 
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from which one can easily realize that the J's are the generators of a Lie 
algebra su{2), whereas Q generates a commuting u{l). 

Before defining su{2\l) (of which sl{2\l) is the complexification) we must 
summarize a few properties of the irreducible representations (IRREP) of 

S/(2|1)44. 

These IRREP are labelled by two quantum numbers, j and q (referred to 
as spin and charge, respectively), which are defined by 

A'^o) = j{j + mo), = Mo), Ql'ipo) = q\ipo), 

IV'o) denoting the highest weight vector, j e {0, |, 1, • • •} and g e C The rep- 
resentation space may contain up to 4 multiplets spanned by the {Q, J^, J3) 
eigenvectors 

\qj,m), m= -j,-j + 

\q,j - 1, m), m = -j + + 2,...,j - 1. 

Apart from the trivial one-dimensional one, there are three series of IRREP: 

a) a nondegenerate series, in which the highest weight vector is annihilated 
only by the raising operators J_|_, V+, W^; 

b) a degenerate series, in which W- also annihilates I'i/'o); 

c) a second degenerate series, obtained from the previous one by means 
of the automorphism 

Ja^Jg, J±^J±, Q^-Q, V±^W±, W±^V±. 

Finally, we can introduce in s/(2|l) the "normal adjoint" operation ^ defined 

by 

g+ = g, 4 = J3, vi = ±w^, wi = TV^. 

It is the possibility of defining a "normal adjoint" (that is, an involution with 
all the properties of Hermitian adjoint) that justifies the different approaches 
of present section and of the next one. 
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Turning now to the superalgebra su{2\l), it is but the compact form of 
sl{2\l) defined by 

su{2\l) = {i(t>oQ + i<t>h + zJ+ - z*J- + r]iW+ + r]lV- + 772^^- - r^^V^ 
00, e IRc, ^ e Ao, ?7fe e Ai}. 

The exponential group associated with sti(2|l), denoted by SU{2\1), is the 
group of (2 + 1) X (2 + 1) unitary, unimodular supermatrices. 

Coherent states supermanifold 

Looking at the IRREP's theory of sZ(2|l) one can understand how SCS 

(and their supermanifold) depend on the choice of the IRREP of sl{2\l) from 

which the UIR of SU {2\1) is obtained. Taking an IRREP of the (a) series, the 

isotropy subgroup of jV'o) will be t/(l) (8)t/"(l), generated by Q and J3. Taking 

an IRREP of the (b) series, the isotropy subgroup will be a true supergroup, 

C/(l|l), generated by Q, J3, F+, W_. 

We study in detail the first case, constructing first an S't/'(2|l)-invariant 

SU{2\1) 

metric on the SCS supermanifold M = tttt^ ttttt and trying to establish 

U{1)^U{1) * 

whether A4 is Kiihler or not. 

The group elements can again be written in the form g — ^ ■ u, where 
now ^ = exp(?7il^_|_ + ijlV- + rj2W- — r7|V+) and u = exp{i(f)oQ + i(j)Js + 
zJ+ — z*J-), and then the coset representatives are of the form x = ^ • v, 
with V = exp{zJ+ — z*J-). 

Acting on the point a; e by the infinitesimal group element 

i 1 
where Aq = iQ,Ai = -(</+ + </-),^2 = ~ J+)i^3 — ^-^s, after the 

substitutions —i-r-r tan |2;| 1— > 2; and 



\z\ 



S ^ "M , B 



tanh V-BB^ 

we obtain (introducing the simplified notation = ^7^ ?7i) the variations of 
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the coordinates on the supermanifold 



1 

2 

i 



+ 



dt 



r 



(4.1) 

The Cartan-KiUing form is nondegenerate and thus from (2.15) we obtain 



the inverse of the metric tensor, which has the form g 



-1 



A B 
C D 



(the 



exphcit expression of each block is given in the Appendix). The metric can 
be obtained by taking the inverse of this block supermatrix, and is straight- 
forwardly given by the formula 
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-D-^C I 







D- 







I 



From the latter (we do not report it explicitly because too cumbersome) we 
can calculate the invariant measure 



d^x{x) = (sdet(^-i)) = (1 + z^z^il + ei + 62), 



which allows us to derive information relevant to our main question. 

The SCS supermanifold Ai can be written (see Sec. 2.2) as the product 
SU{2\1) U{2) , , w N . .1^1. . 1 

U{2) ^^ U{1)^U{1) ^ where the second (even) factor is the 2-dimensional 

sphere S2 = (CP^ — an Einstein-Kahler symmetric space. The first (odd) 



factor is a symmetric space in some sense similar to (DP^ = ^^^'^^ 



again a Kahler supermanifold, with invariant metric 



U{2) 



. This is 



9 = D-' = 







1 - V2V2 



-(1-^*^2) 

r]^i]i 
-V1V2 



^71*^72 \ 

-V2V1 

1 - r]l7]i 

-(1 - ?7l?7i) / 
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and Kahler potential (up to an additive constant) given hj K = rj^rji +773772 — 
ViViV2V2- It is worth pointing out that this Kahler potential can be obtained 
by taking the logarithm of the invariant measure function 

dii(x) = (1 + 7/^7/1 + 7727/2), 

exactly as for an Einstein space. 

We have thus proved that our supermanifold is the (semidirect) product 
of two Einstein-Kahler symmetric spaces. We conjecture that it is Kahler 
as well; but not Einstein. In fact, if it were, its Kahler potential would be 
the sum of the Kahler potentials of the two factor manifolds, and the metric 
would have a block matrix form, thus exhibiting a complete separation (or- 
thogonality) between even and odd coordinates. However, this is not the case, 
in that it appears evident from (4.1) that the variation of even coordinates 
under the group action depends on the odd ones. 

Coadioint orbits approach 

Let us consider the contragradient Lie super algebra su{2\l). The (funda- 
mental) matrix representation of a generic su{2\1)a element is 

(i{a + b) c a \ 

— c* i{a — b) P I a,6, ceHc, Q!,/?eAi. 
-a* -P* 2ia J 

Because of the conjecture formulated in section 3.3, we are able to equip 
the space su{2\l)\ of even 1-forms on su{2\1)a with the same superalgebra 
structure as for su{2\1)a- Then, the matrix Mf corresponding to a generic 
1-form / takes the form 

/i{x + y) z C \ 

Mf= -z* i{x-y) X a;,ye]Rc, 2; e Aq, X,CeAi- 

V -e* -X* Six/ 

As shown before, we can recover representation KQ{g) by exponentiating 
the fundamental representation. Thus we are able to study a generic Ko{g)- 
orbit. We restrict here our attention to some cases interesting for the physical 
applications we have in mind. Applying the conjecture exposed in section 
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3.4, the orbits isomorphic to the coherent states supermanifolds are those 
obtained acting trough Ko{g) on elements of the form 

/i{x + y) \ 

/o= i{x-y) Xy^yAx^OAy^O. 

\ 2ix J 

The elements belonging to this class are stabilized by the (ordinary) Lie 

subgroup U{1) U{1). Also, orbits of this form are isomorphic to the coset 

SU(2\1) , . , . . , ^ , . 

space — -— . We can obtain another interesting class or orbits starting 

(7(1) (g) (7(1) 

from elements of su{2\l)\ of type 

f^=ix( 1 1 xj^O. 




These are elements stabilized by the (ordinary) Lie subgroup U (2) = SU (2)(g) 

U{1). Orbits that belong to this class are isomorphic to the coset space 
SU(2\1) 

— — , which is a supermanifold of dimension (0,4). In the Appendix we 

U [2) 

report the generalized Kirillov-Kostant 2-form. Some of its properties are 
not yet known. 

4.3 The "graded unitary" example: uosp{l\2) 

So far we have used expressions like "normal adjoint", "ordinary conju- 
gation in a Grassmann algebra" without completely explaining what these 
expressions mean. Before studying the SCS supermanifold for uosp{l\2) we 
must briefly discuss how hermitian conjugation in a Lie algebra and complex 
conjugation in the fleld of complex numbers generalize to the graded case. 
Let us start with hermitian conjugation. 

Hermitian conjugation can be generalized in two different ways to the case 
of Lie supcralgcbras"^^. The first one, called "normal adjoint" and denoted 
by ^, is defined by the ordinary axioms 

deg(X) = deg(Xt) 

(aX + bY)^ ^aX^ + bY^ 
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[x,y]t = [yt,xt] 

(xt)t = x, 

where X, y e ^, a, 6 G (D, the bar means complex conjugation and [, ] is the 
graded commutator. In i(l|l) and sl{2\l) we have already defined operations 
of this kind. The second one, called "grade adjoint" and denoted by is 
defined by the following axioms 

deg(X) = deg(Xt) 

(aX + bY)^ = aX^ + bY^ 

[x,y]t = (-)^^[rt,xt] 

{Xi)i = (-)^X, 

where X and Y must be homogeneous elements and an element and its degree 
are represented by the same symbol. Given a matrix representation of a 
superalgebra over the complex field we have 

where denotes hermitian conjugate. Finally, the generalization of hermitian 

representations will be called "star" or "grade star", depending on the kind 
of adjoint that has been defined in the superalgebra. 

A very similar situation occurs when one defines conjugation in a Grass- 
mann algebra'^^. The ordinary conjugation, denoted by *, satisfies 

deg(A) = deg(A*) 

(cA + dii)* = cA* + d/i* 

(X/i)* = ii*X* 

(A*)* = A 

where A, e A and c,d e (D, while the graded conjugation, denoted by ^, 
obeys 

deg(A) = deg(A^) 

(cA + dii)^ = cA^ + d/i^ 

ix^^r = AO/xO 

(A^)^ = (-)^A, 
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with A and ji homogeneous elements. 

In our examples we deal with compact forms that have the general struc- 
ture (A (8) ^)o, because even (odd) parameters are associated to even (odd) 
generators; in these algebras the hermitian conjugation can be defined 
either by 

(AX + //F)+ = A*X+ + 

or by 

depending on which kind of adjoint can be defined in ^; in both cases, 
VZ, W e {A0 ^)o, we have 

{Z+)+ = Z [Z,W]+ = [W+,Z+]. 

osp(l|2)^^ is the superalgebra of (1 + 2) x (1 + 2) supermatrices with 
{J3, J+, J_} as even generators and as odd generators. The fol- 

lowing commutations rules are valid: 

[J3,J±]=±J±, [J+,J_]=2J3 

[J3, -R±] = ±--R±, [Jip, -R±] = i?=p, [J±tR±\=0 
{R±, R±} = ±-J±, {R+,R-} = --J3, 

from which one sees that the even sector of osp{l\2) is just su{2). The 
IRREP of osp{l\2) are labelled by the stt(2)-quantum number j and the 
representation space is the direct sum of two su{2) representation spaces, 
one with spin j and even (odd) degree and the other with spin j — | and odd 
(even) degree. Depending on the choice of the parity of the two subspaces 
(and then of the highest weight vector) one can extend the su{2) hermitian 
conjugation (Jg = J3, = J=p) to a grade adjoint operation over the whole 
superalgebra, by setting = ±i?_ (the upper sign corresponding to odd 
highest weight vector), and consequently R^_ = tR+- It is easy to verify 
that the defining representation has j — \ and odd highest weight vector. 
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The algebra ^05^(11 2) can now be defined by 

uosp{l\2) ^{X = i(pJ3+zJ+ - 2^J_ +r]^R+ +r]R-\ 

(f) eJRc,z e Ao,v & Ai}. 

The exponential group associated with uosp{l\2), denoted by U0SP{1\2), is 
the group of (1 + 2) x (1 + 2) orthosymplectic, unimodular supermatrices. 

Coherent states supcrmanifold 

The IRREP being nondegenerate, the isotropy subgroup of the highest 

weight vector is just the Cartan subgroup, generated by J3, the SCS super- 

■r , 1 ■ , UOSP(l\2) , , 
manifold is the coset space Ai = IJ(Y) ' ^ ^ coset representatives 

can be written in the usual form x = ^ • v, where ^ = exp(?7^i?+ + r]R-) 
and V = exp(2;J-|. — z'^J-). Acting on the coset representative by the in- 
finitesimal group element Sg = I+ (eLi d'^i + C^^+ + C^-) dt, after the 

substitution —i-r-r tan \ z\ ^ z we obtain the variation of the coordinates 

\z\ 



+ -({if] + ZT]'^) + -C^ {zT] — iz^r}'^] 



dr] i 
'dt ~2 

drj^ 

~df 



The Cartan- Killing form is nondegenerate and, once more, from (2.15) we 
obtain the inverse of the metric tensor and from this the invariant measure 

dn{x) = (1 + z^z)~^ ^1 - ^ri^ri 

... 1 UOSP(l\2) SU{2) 

Once more we can write Jvl as a product — , . — ^^sTTTTT' ^ agam 

the bosonic factor is 82- The invariant metric on the fermionic factor is 



/ n 1-1- lr)'=> 



9 = 



1 + -n^r] 

4 

[l + ^?7^?7^ 
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that admits a natural complex structure, from which the 2-form 

a; = 2i ^1 — -ry^ry^ drj A drj^ 

can be derived. In this case the 2-form is not closed. Indeed, closure and 
supersymmetry imply that the 2-form should be constant, and hence mani- 
festly non- invariant. Then the fermionic factor is not a Kahler supermanifold 
and we assume that the same holds for the SCS supermanifold. 

Coadjoint orbits approach 

Let us consider the contragradient Lie superalgebra uosp{l\2) and its 
left Aq— module uosp{l\2)\. A generic element a of uosp{l\2)\ admits a 
(fundamental) matrix representation of type 



k e He, 2; e Ao,/3 e Ai. 



Also in this case, by means of the conjecture in section 3.3, we can give to 
the generic uosp{l\2)\ element matrix form 





Mf = I -a iX w \ A e IRc,tu e Ao, q; e Ai. 



Being uosp{l\2) contragradient, one can obtain the orbits corresponding to 
coherent states supermanifolds from elements of the form 


/o - I zA 
-iX 

stabilized by the (ordinary) Lie subgroup U{1). These orbits are isomorphic 

UOSP(l\2) 

to coset space U{1) ' supermanifolds of dimension (2, 2). We can 

then write the matrix for the generalized Kirillov-Kostant 2-form zuf, which 
is nondegenerate on the factor space G/H (see Appendix). Other properties 
of for this class of orbits are not considered here, because irrilevant in 
this context. 
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5. CONCLUSIONS 



We have given a generalized definition of cofierent states for a system 
described by a hamiltonian which lives in a dynamical superalgebra and have 
showed that for the SCS systems so obtained the properties of transitivity 
with respect to the action of the dynamical group, the identity resolution and 
overcompleteness, as well as stability during time evolution, still hold. For 
what concerns the problem of establishing whether or not the SCS are states 
of minimum quantum uncertainty we we have shown that this concept has 
not a well-defined, unambiguous meaning and we can only refer to the cited 
literature for some examples. 

We have studied in detail the SCS supermanifold for three dynamical su- 
peralgebras. In the simplest case of tt(l|l) we have found an homogeneous 
Kahler supermanifold, determined explicitly its Kahler structure, derived the 
Kahler potential, and have determined the connection between the SCS su- 
permanifold and the coadjoint orbits. In the case of su{2\l) we have de- 
composed the homogeneous supermanifold into the product of two Einstein- 
Kahler symmetric spaces, one purely fermionic and one purely bosonic, for 
which we have determined Kahler structures and potentials: we expect the 
product supermanifold to be Kahler as well. In the case of uosp{l\2) we 
showed that one cannot construct a Kahler structure over the purely fermionic 
factor supermanifold, we expect then the whole supermanifold not to be 
Kahler. On the basis of these results, and looking at the particular proper- 
ties of the conjugation operation that one has to introduce in the Grassmann 
algebra when working with superalgebras whose IRREP can not be turned 
into star representations, we conjecture that a necessary condition for our 
SCS supermanifolds to be Kahler is that the dynamical superalgebra admits 
a star representation, and that the UIR used to define the SCS system is 
derived from one such IRREP. 

In addition, we have established a connection between a certain orbit of 
a generic contragradient Lie superalgebra and the coherent states superman- 
ifold related to non-degenerate representations of that superalgebra. Finally, 
in the examples, we have found symplectic structures over these orbits. 
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Appendix 

Inverse metric tensor for the ^^.(2 1 1) case. 

rr., . r . . . ■ SU (2\l) , 

The inverse or the invariant metric tensor on ttttt has the usual 

block form g-^ ^ ^ ^ , where, in the basis [d^, d^* , , dr,* , , dr,* } , 



A=(l + ^*^)^(l-^ei-^e2 + ^eie2] (J J 



B* = C 



'-\zr]i{i - \e2) + f 2^772(1 - \z*rii{i - ^62) + f 772(1 - |ei) 

i^r7t(i - ie2) - fr72*(i - |ei) -i^*r?r(i - ^62) - ^z^^vli^ - \ex) 

|?7i(i - |e2) + ^^772(1 - |ei) - ^62) - 1^*772(1 - |ei) 

§62) - |2;r72*(i- |ei) -|r/i*(i - |e2) + |2;*r7^(i - |ei) . 

and D = 



-(1+62-6162) Vilrix 

1 + 62 - 6162 -?7r?72 

r]\r]2 -(1 + 61-6162) 

\ -?72^i 1 + 61 - 6162 



g'u(2 | l)'s orbit isomorphic to 5[/(2 | l)/[/(2). 

(l-Q;*a + r7 aP* 
-a* (3 l-(3*(3 + ri 

-a* + a*P*P -P*+a*aP* 2 

where rj = a*af3*f3. 

Generalized Kirillov-Kostant 2-form for g-u(2 | l). 

We list only a subset of nonzero elements, the others can be recovered by 



-a + a(3*(3 
-/3 + a*a/3 
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means of superskewsymmetry 

^/l,5 = - ^/2,5 = -^/3,6 = -«*^/3 
^/l,7 =^/2,7 = ^/3,8 = -^Va 
^/2,3 =2^/5,7 = -2Q!*/? 
'^/S 4 ~/^*/^ ~ 

^/4,7 =^/l,8 = -^/2,8 = Q'^^ 

^/2,4 =2^/6,8 = -2a/3* 

'^fQj = — 1 + a*ar]i3 

where = l-a*a, 77^3 = tu/.^^. = ti7/(ei, e^) and {ei,i = 1,2, ... ,8} 

is a suitable homogeneous basis. 

Coherent states orbit for the uos'p(l \ 2) case. 

The coordinate set of an element in generic position on an orbit belonging 
to this class is 

{-esin^e'*^,-,esin^e-*^,z^cos^ | 

P sin ^e^^ - cos 6, sin ee''^ + i(3 cos 9} 

where C = 1 - IS^'IS. 

Generalized Kirillov-Kostant 2-form for ^,03^(1 1 2). 

We list in the following only a subset of non zero elements, the others can 
be obtained by means of the skewsymmetry properties of tu/. 

^/i,3 = - ^/5,5 = -SCsin^e-^^ 

'^/2 3 ~'^/4 4 ~ 2i^ sin^e*'^ 

ti7/^ 5 =tJ7/3 4 = -2/3^ sin6'e-*^ +2i/3cos6' 

^/2 4 ='^/3 5 = 2/5 sin 6*6^^ - 2ij3^ cos 6* 

Ci7/4 g = — 2z^ cos^ 
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where ^ = '^fi^i, Cj) and {e^, z = 1, 2, . . . , 5} is a suitable homogeneous 
basis. 
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